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Jet Engine Component Maps for Performance
Modeling and Diagnosis

G. Sieros,* A. Stamatis,T and K. Mathioudakisi
National Technical University of Athens, Athens 157 10, Greece

This paper describes an effort to model the performance maps of compressors and turbines (i.e., the
relation between mass flow, pressure ratio, and efficiency), using analytical functions. Analytical functions
are fitted to the available experimental data using a least-squares-type approach for determining the
parameters of the fitting function. The success of using a particular function for an application is assessed
through a suitably defined mean error of the model. Apart from presenting the method for setting up
these analytical representations, applications to performance modeling and fault diagnosis are discussed.
The change in model parameters is used to characterize changes of the engine condition and possibly
diagnose occurring faults. The impact of introducing analytical component models into overall engine
computer models, replacing a tabulated form of the component maps, is also discussed.

Nomenclature

= flow function, Eq. (18)

total enthalpy

mass flow

rotational speed, rpm

nondimensional rotational speed

power function, Eq. (18)

total pressure

total temperature

transformed values of the map variables
raw values of the map variables

= parameters of the analytical functions

= enthalpy drop in the turbine

= P,/P,rer

compressor adiabatic efficiency, total- total
= turbine adiabatic efficiency, total- total
= TJT e

corrected mass flow, 71+ Vs

= compressor pressure ratio
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Subscripts
REF = value at a reference point
sl = value at the surge line

I. Introduction

HE performance maps of the turbomachinery components
of a jet engine, namely, compressors and turbines, con-
stitute an essential input to overall engine performance models.
The maps are usually introduced in the form of tabulated func-
tions, and interpolation is used for obtaining the values of de-
pendent parameters corresponding to arbitrary values of the
independent ones. Simplifying the map representation, by us-
ing analytical functions, is highly desirable because it adds
flexibility to an engine model, while it can give additional
possibilities for component condition assessment.
The present work has been stimulated mainly by the possi-
bilities it offers for application in the field of engine condition
monitoring and fault diagnosis. Analytical representations pro-
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vide the possibility of direct estimation of component perfor-
mance alterations, when either steady-state or transient perfor-
mance data are available. This kind of application has been
discussed by Bird and Schwartz.! Another advantage is the
possibility of reducing the running time of a model on a digital
computer, a desirable feature, especially in engine control ap-
plications.”> A useful feature for both types of applications is
the smooth character of analytical representations in compar-
ison to tabulated functional ones.

In the present paper, a method of constituting analytical rep-
resentations for both compressor and turbine maps is pre-
sented. The aim is to produce functions that contain as few
parameters as possible, and to reproduce as reliably as possible
a performance map obtained either by experiment or compu-
tation. Methods of this type have already been employed by
previous authors,> always as a part of an engine performance
model. In these papers™ some particular analytic relations
have been employed, without particular attention to how well
such relations represent actual compressor maps. This question
was first tackled systematically by El-Gammal®; he employed
what we term linear models for map representation, and es-
tablished a set of criteria for assessing the success of the ap-
proximation for a map given as a set of data points.

The method introduced in the present paper constitutes a fur-
ther advancement of analytic modeling methodology. The main
innovation is the possibility of using different functional forms
of representation, which give the possibility to successfully
model maps of different types of designs. Extensive validations
are presented by application to actual data from components of
several gas turbine engines. The method is formulated in such
a way that the choice of the appropriate function among a large
number of function classes can be effected in a systematic way,
when a new application is attempted.

II. Method of Formulation of Analytical Relations

The customary way of presenting performance maps of a
compressor or a turbine is by means of a set of curves, which
express the relation of mass flow rate (or a corresponding flow
function) to pressure ratio and efficiency for different values
of a speed parameter. A typical form of a compressor map
appears in Fig. 1.

The purpose of the present method is to derive explicit ana-
lytical expressions for the relations represented by these curves.
The starting point are the sets of performance parameters values
that constitute the curves of a map. The steps necessary to obtain
the analytical expressions are described next.
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Fig. 1 Compressor performance map (J85 engine compressor®).

A. Data Scaling

The actual values of the various quantities may be of dif-
ferent numerical magnitude. Additionally, the various quanti-
ties may vary significantly with the engine’s rotational speed.
This may introduce an inaccuracy in the derivation of an ex-
plicit relation between these quantities and the engine’s speed,
because the different magnitude of the various quantities im-
plies that they are not discretized with the same accuracy. For
this reason, the data are scaled with reference to appropriate
values. The surge line provides such values for the compressor.
For the turbine, a point along the choking part of a character-
istic can be chosen. In correspondence to compressors, the
point on the limit load line are a suitable choice, covering maps
corresponding to both low- and high-reaction designs.

The surge line itself is represented as a second- or third-
degree polynomial function of rotational speed, so that the
mass flow, pressure ratio, and efficiency at the surge line can
be expressed in the following form:

My = M eg(N) My = Mey(N) Nes = Nes(N)

Having expressed the surge line in such a way, we can scale
the respective quantities as mc = nic/icg, e = He/Mley, =

mn/mq. The rotational speed is also scaled with respect to its
maximum value, giving the corrected speed 77 = N/Nggg.
Figure 2 depicts the representation of a typical compressor
surge line (in this case it is the mass flow that is represented,
but the same applies to pressure ratio and efficiency) with the
use of a polynomial function; Fig. 3 shows the scaled map.

B. Transformation of Variables

The scaled variables of a map are transformed to formulate
quantities whose relation to each other can be described with
the use of simpler (e.g., linear) analytical functions.

A pair of parameters (x, y) is thus transformed to a new pair
(X, Y). For example, we may have x = m\/E/B and y = II,
which transform to X = x, Y = y/x. The actual transformations
used will be described in the following section. Figure 4 il-
lustrates the transformed variables for the map of Fig. 3, using
a transformation that makes their relation linear.

C. Model Formation

Having completed the previous steps, we dispose of a set of
variables that need to be interrelated, using an analytical ex-
pression. The requirement is that the map, available in the form
of tabulated data points, should be represented with the
greatest possible accuracy. To do that we will use an analytical
expression with the general form

Y=FX, 1; a), a = (a, az, ..., ay) (1)

where 7 is the corrected speed, and a is the array of the model
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Fig. 2 Mass flow as a function of rpm for the ATAR engine surge
line.
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Fig. 4 Transformed mass flow-pressure ratio map for the ATAR
compressor.

parameters. The values of these parameters will be determined
using a least-squares method.

This expression for the desired function can be cumbersome,
and the infinity of existing functions F makes it difficult to
find one that is satisfactory. For this reason, we limit our search
to certain classes of functions. In the present work, two cate-
gories of models were examined. The first is the generalized
linear model, using a function of the form

Y= aFiX, i) )

This type of model is termed linear, because it is linear with
respect to the parameters «; but not necessarily for the vari-
ables X, Y.

Further simplifying the previous expression, we may sepa-
rate the influence of 77 and X, by

Y= 2 {[2 aijgij(ﬁ):| f;(X)} 3)

This is the form that will be used for generalized linear models.
The second category consists of nonlinear models, in the
form

Y = F[X; a ()] 4)

where the influence of 7 is again separated from that of X.

In the section that follows, specific types of functions will
be presented. These functions are chosen by referring to the
usual form of compressor and turbine maps, reflecting the
physics of their operation.

D. Parameter Calculation

The parameter array a for linear and nonlinear models is
calculated using a least-squares method. The methodology
used for linear and nonlinear models is described in the Ap-
pendix.

E. Error Estimation

The final step is to estimate the error in the description of
the engine map for a given model. This is an essential step
because it gives an assessment of the success of the approxi-
mation.

The following formula was used to estimate the mean error:

/NP (%)

NP

yi — J(x,)
Yi

For a certain map, x,, y; is the measured value and y is the
calculated value by the model. This formula can be used either
for the entire map or for parts of it; e.g., a speedline.

In addition to the model error, which is critical for simula-
tion purposes, it is also desirable to determine the probable
error in the parameter calculation. This second error is impor-
tant in diagnostic applications, where it is necessary to distin-
guish between statistically significant and random changes of
parameters, to make a decision about the presence of a fault.
For parameter «; a relation of the following form is estab-
lished:

Q; = Qjeao = (probable error)

The procedure for determining not only the value, but also the
confidence region for a parameter, is described in the Appen-
dix.

To clarify the implementation of the method described pre-
viously, specific types of applications are described in the fol-
lowing sections. First, the use of the model for the reproduc-
tion of compressor and turbine maps of aeroengines and
industrial gas turbines will be demonstrated. A comparison to
experimental data shows that an accurate representation of
these maps is possible in all cases. Next, use of the present
method for diagnostic applications will be demonstrated. Fi-
nally, analytical component models are incorporated in a com-
plete engine performance model, and the impact it has in com-
parison to tabulated representations is discussed.

III. Analytical Representations of Compressor
and Turbine Maps

Particular forms of functions representing compressor and
turbine maps are now presented. The purpose of this presen-
tation is to demonstrate the degree of accuracy obtained with
different types of functions, while providing the main forms
of functions the authors have found suitable for each case.
Prior to presenting the particular functions, it is useful to dis-
cuss the physical reasoning behind the choice of a particular
type of function.

A. Compressor Maps

The nature of the flow in compressors leads to a form of
maps that is distinctly different and more complicated than
those of turbines.” Even though one can start from a simple
representation in terms of nondimensional parameters (the flow
and load coefficients), the m - 7. characteristics of a compres-
sor are expressed as transcendental expressions in terms of the
simple variables.® To represent a speedline, it is thus essential
to use nonlinear expressions. On the other hand, especially at
high speeds, parts or all of a speedline may be almost perpen-
dicular to the mass flow axis, since chocking at some blade
rows freezes the mass flow parameter. Another feature of a
high-speed compressor map is that the speedlines come closer
together as the speed increases.

To represent the nonlinearity, expressions that are at least
second degree between the reduced variables are employed.
The existence of vertical parts is represented by terms that are
ratio of quantities, thus giving the possibility for representing
asymptotes at the zeros of the denominator. An alternative is
the use of continuous, smooth piecewise expressions. The in-
clusion of logarithmic or exponential functions gives the pos-
sibility for better representations of transcendental functions.
Finally, the change in distance between speedlines with the
same speed increment is taken into account by using the non-
linear expression for the surge line used as reference for non-
dimensionalization, as mentioned earlier. To assess how ac-
curate the representation by the different functions is, we used
the maps of numerous compressors, including those of the
ATAR (Ref. 7) and J85 (Ref. 8) aeroengines, and that of the
Typhoon’ industrial gas turbine. These maps came in the n,
II., and 7. forms, respectively.
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To represent the m-1I. map, we denote x = m, y = Il
whereas for the II.- . map, we choose x = II_. and y = 7.
We scale the variables with respect to the surge line that is
represented by second- or third-degree polynomials.

1. Simple Linear Models

In this case, it is our purpose to transform the variables in
such a way that ¥ = a; + «a>X, so that only two parameters
need to be determined. A pair of transformations used was

Y=x+y, X=7a-(x—y)} (m-II, map) 6)

for which the mean error was between 2.50-3.20% for the
examined compressors. A similar method for the II.- . map
was
Y=+ y)7

=@+y+ 1/x)-(x+y d.-n.map)

)]

with a mean error between 0.75-1.20%.

Even though such simple two-parameter models do not pro-
vide a high degree of accuracy for map representation, their
usefulness lies in the possibility they offer for diagnostic pur-
poses, as will be discussed in this paper.

2. Generalized Linear Models

We will start again from the representation of the m-1I,
map. The simplest form of such models is

Y = a(1) + ax() X (8)

where a; and a. are expressed as polynomials. One of the
transformations that gave good results was Eq. (6), with first-
degree polynomials:

o= an toapn, 0y = 0y t axnh
The mean error for this case was between 1.00-2.00%, and
can be further reduced to <1.5% if we use a second-degree
polynomial for a», raising the total number of parameters to 5.

A further increase in accuracy is achieved by using a sec-
ond-degree polynomial in the form

Y = a.(A) + a.() X + asi) - X? 9)

where «,(n) are again polynomials. The best results with this
form of function were obtained for the transformation

y="Vy (10)

X =+ y)yra, Y=y or

for which the mean error was <1% for most of the test com-
pressors.

The parameters for this model were given in the form of
polynomials of varying degrees

_ ~2
Q= Qp, 0= Q2 T QA+ axni™, o3

I
Q
»
+
Q
8
S

giving a total of six parameters. The results of this model ap-
pear in Fig. 5 (reproduced map vs original map) and Fig. 6
(mean error in the estimation of m for a given pressure ratio).

In the error estimation, we include not only the overall mean
error, but also the mean error for every characteristic of the
map. It is seen from this representation that not all the curves
are represented with the same accuracy. In this case, for ex-
ample, even though the overall reproduction of the map is
quite good, there are certain areas where the error is substan-
tially higher than the mean error.

A similar model used with encouraging results was
Y= a,() + ax()-X + as(@)-e*, with X=x/y, Y=y
(12)

The mean error did not change considerably for the exam-
ined compressors, but the formula is included as it might prove
superior in other cases. A representation of the map by a model
of this kind appears in Fig. 7.

Switching to the representation of the II.- . map, and start-
ing with the simpler models of the form described by Eq. (8),
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Fig. 5 Mass flow- pressure ratio map for the ATAR engine com-
pressor.
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Fig. 8 Pressure ratio- efficiency map for a typical compressor.
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Fig. 9 Reproduction of the mass flow-pressure ratio map for
the ATAR (Ref. 8) compressor.

the use of the following transformations resulted in a mean
error <0.90% for the examined compressors:

X

(y-ay

X = Y=y (13)

Proceeding to more complicated models of the form described
by Eq. (9), and using nontransformed variables (X = x, ¥ = y),
we have a mean error of <0.50% for all of the test cases, and
for modeling of the parameters «; in the following form:

_ _2 _
= ot ol T oantit, A= @ T axnth, Az — o

(14)

The use of nontransformed variables has the advantage that
the 1. = 1[Il relation is given in an explicit form. In addition
to that, the minimization is performed on the actual values of
x, ¥y and not on a set of transformed variables X, Y, thus avoid-
ing the introduction of an additional error. The use of this
model is represented in Fig. 8.

We can use the same nontransformed variables in an ex-
pression of the following form:

Y= a,(7) + ax() X + ax(n)-log(X) (15)

and obtain results of the same accuracy using five instead of
six parameters, modeling «; as

=y, Q=0+ an'A, az=oa3 + ap-7 (16)

Error (%)
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Fig. 10 Error in the reproduction of the compressor map for the
ATAR engine.
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Fig. 11 Mass flow- pressure ratio map for the Typhoon (Ref. 9)
compressor.

3. Nonlinear Models

These models offer the greatest versatility because they do
not suffer from any restrictions (the chosen function can be of
any form), and they can be applied without the need for pa-
rameter transformation. They were only used for the m-1I.
maps, since these maps presented the greatest difficulty.

The following expression resulted in mean errors of 1% for
all of the examined compressors:
Y=o, + [a/(x + a3)], ay=ay + apn

a7

_ _2 _
ar = U + AN + ax'n°, a3=as + an'A

Additionally, the fact that this form has a vertical asymptote
X = — a3, means that the high-speed ranges can be modeled in
a way that is physically acceptable, as the tendency of the
characteristics to become vertical at high speeds is predicted
by the model. This model appears in Figs. 9 and 10 (for the
ATAR compressor), and it reproduces the compressor map in
a satisfactory manner. The same model, as applied to the Ty-
phoon compressor, appears in Fig. 11; whereas the J85 com-
pressor representation appears in Fig. 12.

B. Turbine Maps

The turbine maps available appeared in the P, and F/ effi-
ciency form, where

=m-AhJP,-NT,  F,=Gi-NVTJ/P)-i  (18)



670 SIEROS, STAMATIS, AND MATHIOUDAKIS

The turbine maps have a form that can be considered sim-
pler than that of compressors. It is even known that for mul-
tistage turbines a quadratic expression can be used to approx-
imate the pressure ratio-mass flow characteristic.'” Therefore,
simpler polynomial expressions provide sufficient accuracy for
modeling. For example, for x = F,, y = P, the following ex-
pression, including four parameters, is adequate for a mean
error <0.75% for all of the examined turbines:

Y=o+ arx + s xS, o=y + an i
(19)

ar = Az, QA3 = U3

If we use X = x/y, Y =y, and model a; + a3, using first-degree
polynomials, the mean error drops to <0.40%.

A reproduced map, using the second model, appears in Fig.
13.

Using this transformation, we can even have constant «; ~+
as (a total of three parameters), and still retain an error
<0.75%, indicating that a transformation of this kind renders
the variables practically independent of speed.

The P,- mrmap is also modeled with the function described
by Eq. (19), but using first-degree polynomials for «; and a,
and constant as. This modeling results in an error of <1% for
the test cases, that can drop to <0.5% if we use a second-
degree polynomial to model a». Figure 14 depicts the repre-
sentation of the turbine map using this model.
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Fig. 12 Mass flow - pressure ratio map for the J85 (Ref. 8) engine
compressor.
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Fig. 13 Flow function- power function map for a typical turbine.

IV. Application to Performance Modeling
and Diagnostics

Possibilities offered by utilizing an analytical representation
of component maps within computer engine models are now
examined.

A. Diagnostic Potential

When components maps are employed in an analytical form
by an engine model, then the value of any measured quantity
calculated by the model may be considered to be a function
of the values of the component parameters. This interrelation
can be expressed in the following form:

Y=Flay, as ..., a,)

(a; are the component model parameters). When measurements
are available, this relation can be used to determine the values
of a;, and therefore, deduce component condition.

The diagnostic potential of the method will be displayed
using an altered version of the experimental compressor
and turbine maps, to examine the effect on the calculated
parameters. For a compressor map we used the ATAR engine
map and reduced the compressor’s swallowing capacity by
2%. This situation would represent a deteriorated engine
condition. Our purpose is to demonstrate how such a change
in the map reflects on the parameters of an analytical expres-
sion. The initial and artificially transformed maps appear in
Fig. 15.

Using a very simple two-parameter model (linear), we calcu-
lated the values of «;, a, for the initial state and the modified
one. In Fig. 16, we display the change in the value of these
parameters. The change of each value is represented by a bar of

0.92 -

080 |- " Experimental
.~ Model ‘

0.88 -

086 -

-

0.84 Y/V
J

nr

0.80

0.78

0.00 0.50 1.00 1.50 2,00 2.50 3.00

Py

Fig. 14 Power function- efficiency map for a typical turbine.
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a width equal to the statistical error in its estimation. It is obvious
that the change of the map is reflected on the calculated pa-
rameters. What is more important is that this change is statistically
significant.

A similar test was performed using a turbine map. In this
case, we used a three-parameter model and introduced an error
as described earlier. The initial and the modified maps are
shown in Fig. 17.

In this case, the change was significant for only one of the
three parameters. Different changes in the form of the map
will result in different variations of some or all of the model
parameters. The exact correlation between engine faults and
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Fig. 16 Change of the parameters for an imposed change of the
compressor map.
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Fig. 18 Transitional behavior, as it appears on the turbine map
(detail).

parameter variations is a matter that needs to be further ex-
amined if diagnostic rules are to be derived.

B. Engine Modeling

The models for compressor and turbine, that were described
earlier in this paper, were subsequently introduced in a com-
plete engine modeling program,' and they were used to predict
the transient behavior of the engine in that program. A speed
ramp is considered where the engine rpm increase with time.
The representation of the working line (on the turbine map)
that emerged from this modeling appears in Fig. 18, along with
the respective line for the unmodified model that used inter-
polated values from the components’ maps.

It is obvious that the analytical model results in smoother
transition curves (a behavior closer to the actual one), while
the steady-state condition does not differ; indicating that the
function used is quite accurate in the prediction of the com-
ponents’ operating point.

V. Discussion of Application Aspects

In the applications presented earlier, different forms of func-
tions have been considered. The question may arise as to how
the appropriate functions are chosen. Methods that use soft-
ware with a graphic user interface are now available to help
even inexperienced users make this appropriate function
choice. The software incorporates a number of possible vari-
able transformations and element functions that allow the user
to build a variety of possible analytic expressions of the linear
or nonlinear type. The types of functions presented previously,
for compressors and turbines, are expected to cover the ma-
jority of maps encountered in practice. When the model is fed
with data from a map to be modeled, the user can build the
form of function of this choice. Assessment of the approxi-
mation quality is provided by graphic display of the maps and
the various error terms that characterize the accuracy of the
approximation. It is thus easy to choose an optimum model
for any application. A small sample of the options that this
software offers appears in Fig. 19.

In diagnostic applications, the use of models that utilize a
limited number of parameters may be advantageous, since the
purpose of the model is not to reproduce the component map
with the greatest accuracy. The effect of varying faults on the
parameters of a model, especially when we use models with
more parameters (e.g., Refs. 3, 8, 9, and 11), and the ability
to distinguish between various kinds of engine malfunctions is
an area that needs to be further examined.

The representation of component maps with analytical
functions can also prove advantageous when complete models
that simulate the engine’s performance are used. In those cases,
the use of such functions results in smoother, and therefore,
physically more acceptable, curves that represent the transient
operation of the engine. In addition, the use of analytical re-
lations may result in faster calculations, compared to the use
of a tabulated map with subsequent interpolations, when an
explicit function is used. In a sample calculation of the tran-
sitional behavior of a twin-spool turboshaft that was per-
formed, the use of analytical functions in the place of tabulated
component maps resulted in a 40% reduction in computational
time. This reduction does not represent a substantial gain in
off-line computations, but it could prove very useful if the
engine model is to be used for the real-time control of the
engine.

It should be mentioned that the method proposed here
covers, in the most general way, the problem of analytical
representation. While previous authors® * have considered par-
ticular forms of functions, the present method gives the pos-
sibility of a choice of function, a choice which is extended to
functions of quite elaborate form. An additional possibility of-
fered by the present method is the choice of a different func-
tion for the same map, according to the application envisaged.
For example, for a particular engine, an elaborate expression
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Fig. 19 Typical options screen along with a graphical representation of the specified model.

can be chosen for a map to be introduced in a transient model,
while a much simpler one may be adequate for diagnostic pur-
poses. For the latter type of application, it may even prove
beneficial to employ more than one expression to have a
clearer picture of fault signatures.

VI. Conclusions

A method for the analytical representation of compressor
and turbine performance maps has been presented. The effec-
tiveness of the method has been demonstrated by application
to engine test cases. The methods described in this paper have
been used for modeling a variety of engines, and it is almost
always possible to find a model that accurately represents a
component map. In some cases, however, the required model
may be quite complicated, using numerous parameters. The
level of sophistication of the model will have to be chosen to
offer an accurate description of the map without introducing
too many parameters.

Appendix: Estimation of Model Parameters

The function to be minimized to calculate the required val-
ues of the model parameters is

= i}i [MT

>
i=1 g;

(AD)

where X; and Y are the NP known values of the engine per-
formance parameters. In the case of a linear model, and ig-
noring the standard deviation of the measurements that is usu-
ally unknown, the maximum likelihood estimator for « is de-
rived from the following relations:

P 2 NP N
Loy, i=LN= D |:y,- ~ > a4, Fi(X, ﬁ):|
da; i=1 J=1
X F(X,n)=0, k=1,N (A2)
and if we define
[4:[40 = iﬂ()(h ;)
(A3)
b: b=y,
the previous expression becomes
(A"-A)-a =A"b (A4)

which is the system of normal equations for the least-squares
problem. Instead of solving this problem directly, we rewrite
Eq. (A4) in the following form:

x>=|A-a — b|> > minimum (A: NP X N)  (A5)
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Using singular value decomposition, we can write A as
A=U-W-V" (A6)

where U is a NP X N column orthogonal matrix, W is an N
X N diagonal matrix with nonnegative elements, and Vis a N
X N orthogonal matrix. In that case, o will be

a=V-W-U"b
where
W: W, = 1w, (A7)

The advantage of the method is that singular values that
appear in the form w,; = 0 can be neglected, setting 1/w;; = 0.
In addition to that, even nonsingular but very small w;; values
can be left out of the computation, as they increase the prob-
able error in the estimation of the model parameters.

In the case of nonlinear models, we use a variation of the
Levenberg - Marquadt method."> This method is based on ex-
pressing the y” function through a Taylor-series expansion as

x> 1 ’>x°
XY= xao) + 2 2

7 da0q;

i

1
:y—d-a+5a-D-a (A8)

where

82X2
da 0

d= —VX2|,JO, D, =

v = xay),

%o

It is now easy to calculate the function’s gradient as
Vx’=D-a — d (A9)

In case the form of x” is quadratic, the minimum is directly
obtainable from the solution of D-da — d = 0. If it is not, we
can use the steepest descent method to move to a new location
setting

Apew = Qog — € X VXZ(G 0 (A10)
where ¢ is small enough not to exhaust the downhill direction.

The quantities needed for the calculation are the first and
second derivatives of y?, with respect to the model parameters.
They are easily derived and are equal to

NP
ax> IF (X, s a
) [y FX, );}
i=1

da; T da;

j=1,N (All)

x> < [0F(X,, i a) 0F(X,, i a
2.4, = X :2_2 X, A a) IF (X, Ay a)
a0, = da; Ja,
- O*F(X,, it a)
i N5
-2 . — F(X, i, a)] ———2—"2 Al2
E {[y (X, 15 a)]- == } (A12)

The term involving the second derivative can be destabiliz-
ing, and as it is multiplied by (y, — F,), which should be close
to zero for a good model, it is not included. With the previous
definitions for A and b, we can write Eqs. (A9) and (A10) in
the form

A-8a =b (quadratic)
(A13)
6a = c X b (steepest descent)

If we introduce the matrix A’, such that

A=A A=+ M)A, (A14)

ijs

Using A’ instead of A in Eq. (A13), we can switch between
the two methods (steepest descent and direct calculation with
a quadratic form), because the equation becomes diagonally
dominant and reduces to da; = 1/(A-A,)-b; for large values of
A. It is thus possible to switch between the two methods, in-
creasing A when x” increases and decreasing it when Y~ de-
creases.

To evaluate the error involved in the estimation of the model
parameters, we will need to determine the covariance matrices
for these parameters.

In case a singular value decomposition method is used, the
covariance matrix for the model parameters can be proven to
be

N
A7
Y= D (:V—;> (A15)

whereas for nonlinear methods we have Y = A.

It is now possible to determine the confidence region for
each of the parameters at a specified level p (e.g., p = 95%),
as

@ *t (Np Y ;p>-o(aj), o(a) = VY, (Al16)

where 7 is the variable of Student’s distribution with NP — N
degrees of freedom. A more general expression is the confi-
dence ellipsoid, given by

(@—a)-Y '(@a— a)<FWN,NP — N,p) (Al17)

where F is the F-distribution variable at a confidence level p,
and a is the estimated array of parameters.

This expression allows us to examine a whole set of param-
eters to determine whether it is significantly different from a
previous one.

It should be noted that the confidence regions mentioned
earlier are not entirely reliable because they do not include the
influence of the measurements’ deviation, but they are a good
indicator as to whether a change is significant.
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